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Abstract

This Paper presents and analyzes a technique for red ucing the spurious signal con -
tentin digital sinusoid synthesis. Spurreduction is accomplished through dithering
both amplitude and phase values prior to word-1 ength reduction. The analytical ap-
proach developed for analog quantization IS used to produce new bounds on spu | per-
formance in these dithered systems. Amplitude dithering allows output word-length
reduction without introducing additional spurs. I ilects of periodic dither similar to
that produced by a ]mudo-noise (I’N) generator arc analyzed. This phase dithering
method provides a spur reduction of 6(M + 1) dBPCI phase bit when the dither consists
of M uniform variates. While the spur reduction is at the expense of anincrcase in sys-
tem noise, the noise canbe made white, making the noise power spectral density sinall.
This technique permits the use of a smaller number of phase bits addressing sinusoid
look-up tables, resulting in an exponential decrease in system complexity. Amplitude
dithering allows the use of less complicated multlipliers and narrower data paths in
purely digital applications, as well as the usc of coarse-msolution, highly -lincar digital-
to-analog converters (1DACs) to obtain spur performance limited by the DAC linearity

rather than its resolution.




| Introduction

It is well-kllowll thatadding a dither signal to a desired signal prior to quantization can
render the quantizer error independent of the desired signal [1, 2, 3]. Classic examples of
this work deal with the quantization of analog signals. Advances in digital signal processing
speed and large scale integration have led to the development of all-digital recciver systems,
direct digital frequency synthesizers and direct digital arbitrary waveform synthesizers. In all
these applications, since finite word-length effects arc a major factor in system complexity,
they inay ultimately determine whether it is efficient, to digitally impleinent a system with
a particular set of specifications. Farlier work [4] has presented atechnique for reducing the
complexity of digital oscillators through phase dithering with the claim of inercased frequency
resolution. Recent rescarch [5] has suggested litigation of finite-word-length effects in the
synthesis of oversampled sinusoids through noise shaping . T'his paper shows how the analysis
techniques used for quantization of analog signals can be applied to overcome finite-word-
length effects in digital systems. The analysis in this paper shows how appropriate dither
signals canbe used to reduce word lengthsin digital sinusoid synthesis without suffering
the normal penaltics in spurious signal performance. Iurthermore, the dithering technique
presented in this paper is not Iimited to the synthesis of oversamnpled signals.

Conventional methods of digital sinusoid generation [6], e.g. IMig. 1, result in spurious
harmonics (spurs) which arc caused by finite word-length representations of both amplitude
and phasc samples [7]. Because both the phasc and amplitude samples are periodic sequences,
their finite word-length representations contain periodic error sequences, which cause spurs.
The spur signal levels arc approximately 6 dB per bit of representation below the desired
sinusoidal signal.

The technique presented in this paper reduces the representation word length without

increasing spur magnitudes by first adding a low-level randomn noise, or dither, signal to



the amnplitude and/or the phase samples, whichare originally expressed in a longer word
length. The resulting sum, a dithered phase or amplitude value, is truncated or rounded
to the sialler, desired wordlength. Of course, cither the amplitude or the phase or both
can be dithered. In phase dithering the spurious response is determined by the type of
dithering signal cinployed. Inamplitude dithering the spurious responsc is determined by
the original, longer word length. While the amplitude- related spurious is generally related to
the phasc-related spurious, we ill make the pre-dither amplitude word length long enough
to satisfy spur power specifications. Then the exact relationship is unimportant, and since
the phase dither signal is independent of the amplitude dither signal, the amplitude and
phase dithering processes can be treated independently.

The next section describes the quantizer model. Amplitude and phase quantization cf-
feets are reviewed in Sections 3 and 4, a nd simple new bounds on spurious performance are
presented. In contrast to bounds in the existing literature, the new bounds are straight-
forward and require little information about the signal to be quantized. The derivations
of the new bounds provide motivation for new analysis of dithered quantizer performance
that occurs later in this paper. Ananalysis of dithering with a periodic noise source is
presented in Section 6. The periodic noise source is considered because of its similarity to
implementations involving lincar feedback shift registers (1L1°SRs), or Pscudo-Noise (I'N)
generators. New analysis of hhase dithering effects is presented in Sections 7 and 8, followed

by simulation results and a design example.

2  Quantizer Model

When adiscrete-time input signal, z[n], is passed through anideal uniform Inid-tread quan-
tizer [8], the output signal, y[n], can always be expressed as y[n] = z[n] 4 ¢[n] where ¢[n]

is the quantization error, a deterministic function of 2[n]. The input to the quantizer is




mapped to one of 2°levels, whereb is the nuinber of bits which digitally represent the input

sample. Output levels arc scparated by one quantizer step size, A = 2b. Throughout this
paper Aa will be used as the step size for amplitude quantization results, Ap will be used
for phasc quantization results, and A will be used if the result applies to both amplitude
and phase quantization. Similar subscripting willbe used on the quantization error.

The input/output rclation of a Inid-tread quantizer appearsin 1%g. 2. If the input dots

not saturate the quantizer then the quantizer error is [8]:

m .
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Note that the above cquation is not corrcet when the quantizer input is f A/2modA. This
is not aproblemsince future analysis involving this expression will treat theinput as having
a piccewise continuous probability density function in which case the collection of points in
question have probability micasure zero. If the input signal is bounded so that |z[n]| < Ag
where Ag = 1/2 - A, then the quantizer dots not saturate and |e[n]| < A/2. Throughout

this paper, quantizers arc always opcerating innon-saturation mode.

3 Amplitude Quantization Ilects

Let a discrete-time sinusoid with amplitude A < Aj and frequency wg be the input to
a lllid-tread quantizer. If the sinusoid is generated in asynchironous discrete-time systein,
Wo can be expressed as 27 times the ratio of two integers. The input sequence is then
periodic. Since the error sequence, cy(n], is a deterninistic function of the input sequence,
it is periodic as well. Therefore, the spectrum of the error sequence will consist of discrete
frequency components (spurs) which contaminate the spectrum of a[n].

The following argument leads to an upper bound on the size of the largest frequency

component in the spectrum of ¢4[n). Assuining the quantizer is not saturated by the input




signal z[n], the maximum possible quantization error is A,/2, where AA is the amplitude
quantization step size. The total power in ¢y [n] is then bounded by A% /4. By Parseval’s
relation, the sum of the spur powers in thie spectrum of €4 [n] cquals the p ow er in ey [n]. In
order to maximize the power in a given spur, the total nuinber of spurs must be minimized.
Since ¢y4[n] is real, the maximum powerin aspur occurs when there are two frequency
components at - Wepyr and - wepyr, With cqual p ower!'. With two frequency components the
power in a single spur is < A%/8.

Since 2:[n] is real, its spectrum consists of a positive and anceg ative frequency component,
cach having power A*/4. Using the above bound onspur power, the Spurious-to-Signal Ratio
(SpSR) is <AY/(2A%). U A = Ag &~ 1/2 provided b is not small, then in deciBels with
respect to the carrier (dBc), SpST < 3-6bdBe, where AA = 2%, andbis the word length
in bits. In suinmary, this upper bounid on power in a spur caused by amplitude quantization

exhibits -6 dBce per bit behavior.

4 I'base Quantization Filects

Letl a phase waveform, ¢[n], be the input to the Inid-tread quantizer. The phase waveform,
¢ln] = (fn-1®/22 ) is a sampled sawtooth with amplitude ranging from O to I. The fre-
quency to be generated, measured in samples/ cycle, is f, and the phase, measured in radians,
is ®.The fractional operator,(z), is defined so that {(x): 2z mod1, eg., (1 .3) = 0.3. Since
¢[n] is generated by a synchronous, finite-word-length, discrete-time system, it has a finite
period. The signal output fromn the quantizer can be expressed as ¢[n] -t ep[n], where ep[n)
represents the error introduced by quantization. Since ¢[n] is periodic, ¢j[n] is periodic with

a period lcss thanor equal to the period of ¢[n]. After multiplication by 2n and passage
'DC ofl’sets and half sampling rate spurs arc excluded because they can be corrected by appropriate

calibration and filtering.
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through the ideal function generator, the output signal is y[n] = A cos(2n¢[n] - 2wep(n]).

If the quantizer has many levels, i.e, > 16,ep[n] << 1, andthe small angle approximation
y[n] = A cos(2a¢[n]) - 2% Acp[n] sin(2n ¢[n]) may be used.

Since ep[n] and ¢[n] arc periodic, the total error 2n Acp(n] sin(2n¢[n]) is periodic. The
total error power is bounded by n ?A2A% because ¢p [n] is bounded by Ap /2 and the magni-
tude of a sinusoid is bounded by unity. Recalling the arguments inthe previous section on
amplitude quantization effects, the maximumspur power of the real errorsignal is hounded
by placing the total error power into two spectral components. Therefore, the maximum  spur
power is w2A?A%/2, where Ap= 2° and b bits arc used to represent phase samples. By
the above approximation for y[n] and the bound on the spur power, the Spurious-to-Signal
Ratio bound is SpSR <2x2A%: 13- 6b dBc, independent of the signal amplitude, A. This
new, siimple derivation demonstrates the underlying -6dBce per phiase bit behavior, without

the analytical complexily found in other existing bounds. More complicated arguments ['7]

improve the 1)01111(1 by about 9 (11).

5 Amplitude Dithering

Inthis section rounding the sum of an already quantized sinusoid and an appropriate dither
signal is shownto cause spurious magnitudes which depend on the original (longer) word
length, not the outputl (shorter) wordlength. This phenomenon occurs at the expense of
incrcased system noise fromthe addition of the dithering signal. Animportant finite word-
length dithering system is subsequently shown to be equivalent to the continuous-am plitude
uniformly-dithered system.

Consider the conceptual block diagramn for a waveforin generator shown in Fig. 3. The
b bit quantizer can be split into two parts as inl%ig. 4: a lligll-resolution I3-bit quantizer

(13 > b) followed by truncation or rounding to 1, bits. Thus, the genceration process consists
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of two scparatesteps: production of ahigh-resolution waveformand reduction of the word

length. The number of bits used to represent the I]igl)-resolution samples should be sufficient
to guarantce the desired spectra] purity. Then,the word length should be reduced without
creating excesssignal-dependent quantization error.

The input in Fig. 5 is a B-bit representation of a sinusoid, z[n) = A sin(2nd[n]) 4 ¢aoln),
where €40(] is the quantization error. The dither signal, z,[n], is white noise uniformly
distributed in [- Aas/2, AA/2), where AA =27 b The sum z,[n]-la[n] is rounded to retain
only the b most significant bits. I'le rounding can be modeled as a uniform quantizer with
slep size AA. The amplitude A is chosento avoid saturating this quantizer when the dither
signal is added, i.e., A - Aaf2 < Ag.

The output from the quantizer can be expressed as y[n] = @n] - 2z, [n] - ¢4 [n]. The
characteristic function of the dither signal, z, [n], is:

_QSin((r/\A/Q) cinc ?_A,)g

Iy (@) = It {exp(jaz[n])} - vy .

(2)

which has zeros at 110]i-zero integer multiples of 2z JAA. Thus, as shownin [1], e4[r] will be a
white, wide-sc]lsc stationary process, uniforinly distributed over [ AA/2, AA/2), and it will
not contribute spurious harmonics to the output spectrum of y[n]. Any spurious components
in y[n] arc thercfore due to caoln], which are present in the I3-bit input, a[n].

['t, remains to commnent on the noise power not isolated in discrete spurious frequency
components. Gray and Stockhamn have shown [12] that the power inthe signal y[n] - z[n] =
caln] - 2, [n] is A?/6.This is approximately twi ce the error variance of a quantization system
with no dithering signal. in summary, y[n], which is quantized to b bits, exhibits spurious
performance as if it was quantized to 73 bits (13 > b), at the expense of doubling the white
110l SC powcer.

Because the input z[n] is expressed as a B3-bit value, an important systemn equival ent

to continuous- amplitude, uniformly-dithered word- length reduction can be constructed. Re-




place the uniforinly distributed dither signal, z,[n], by a finite word-length representation of

it, z[n], which is said to be discretely and evenly distributed over the (I3 --- b)-bit quantized
valucs in the region [- -Ax/2, AA/2). Heuristically, z[n] randomnizes the portion of the finite
word -length input, 2[n}, that is about to be thrown away by the rounded truncation. This
process is equivalent to continuous uniform dithering, since if @[n] is padded out to aninfinite
munber of bits by placing zeros beyond the least significant bit (LSh), then only the I3 - b
most significant bits of z, [n] will have an effect onthe resulting; sum, x[n] + z,[n]. All of the
bits below the most significant I3-b are added to zero, andcannot beget a carry. The output,
y[n], is identical in both systems. Therefore z, [n], continuously, uniformly distributed over
["A4/2, Dal2) can be replaced by the discretely valued z[n], and yicld the saine spurious
response for y[n].

It appears that the finite word-length dither signal, z[n], could be gencrated by a linear
feedback shift register (LI'SR), or PN generator. This will be strictly true only if the PN
generator has an infinite period, since, at this time, the dither signal is required to be
white. 1 lowever, it is not surprising that ideal bchavior is approached as the period of the
1T'N gencrator getslonger. With a sufliciently long period, the case where spur inagnitudes
arc limited by the original word length can be achieved.  The following scction gives a
simple model for a system implementation using a periodic random sequence which can be

approximated by aPN generator.

6 ITect of Periodic Dither

This scction analyzes the use of a periodic dither signal with a long period, 1., for both
amplitude and phase dithering.  Since the dither signal is periodic, the discrete frequency
components in its spectrum will contaminate the desired signal. It is shown that the period

can be chiosen to satisfy worst case spurious specifications. In this scction, the case where



the dither signal is generated using one uniform variate (M= 1) is given. When the dither

signal is the sum of M independent uniforin variates (M > 1), as in Scction 8, the analysis
is the same because the resulting signalis an i..d. scquence of random variables.

Instead of using the white dither process, z,[n], described in the previous section, consider
a substitute, zy, [r], which is periodic with period L. Any two samples, zj, [n] and 2, [n + m],
where m s/ O mod I, arc independent. Samnples of z, [n] arc uniforinly distributed between
[- A/2, A/2), andthe quantizationsiep size is A.

Whenzj, [n]is used as thedither signal, let the quantizer error be called ¢f[n]. The auto-
corrclation Of zj, [n]whenthe lag, m, is al integer multiple Of Liscqualto I2,, ., [0] = A% 1%
in the I'N generator approximation to thisnoise source, 1.:2'- 1 where 1 is the length of
the shift register inbits. At otherlag values, the samples of zj, [n]arcindependent, and since
they have zero mean , the autocorrelation is zero. Therefore, expressing the autocorrelation

as a discrete-time Jourier series:

A2 ]r‘ 1 A" 2 l
Ry Im] = 19 &[m mod 1] = 2_6 197 CX})(J 7;” )
where é[m] is the Kronecker delta function (6{0]: 1, é[1r]: O, m# O ), andzy,[n] contains

L discrete frequency components, cach with power AQ/(] 2]/).
In the autocorrelation expression for ¢y, {n], the expectation is taken over the random

variables zy, [n] and z,[n -l m], using the definition of the autocorrelation and guation 1:

Reye,[nyn+4 m]= }J >_1 ap[n]ajn -l m]k {cxp(JAﬂ (kzp[n] - lzp[n A m]))} (3)

k:--031 .- 0o
k#0170
where;
A(- 1)t J2nks[n]
gt oo- (2770 .
arln] - e T

The desired signal to which the dither signal 25, [n] is added is s[n]. Using the notation from

earlier sections, inphase quantization, s[n]= ¢[n] and in amplitude quantization s[n] = «[?].



Whenthelag isnot a llon-zero integer multiple of 1.,

I {exp(fi”(kz,,[n] g+ m]))} 2 {(zxp(‘zZﬂlZL[n] )} I {cxp(:.ﬂ”’?[?l | _’,”])}
'2711”'"27"1,,'
= AL G ) = dlReD.

This last fact is true because the characteristic function of 27, [n] has zeros at ail non -zero
integer multiples of 2x /A (lquation 2 ). nut since k and 1 never assume the value O in
Iiquation 3, the autocorrelation function is zero when the lagis not 0 mod 1. When the lag

is O mod I.:

I {cxp(-jiﬁ(kz,,[n] ~Azp[n m]))} 2 Iy {cxp(-jzn (k VAI)ZI’[”])} = 8lk- 1.

This results in:

A & { 2nk
dm)z o s ) - cos- ?1]- s[n-ml) .
Reye, [nyn - m] 52 >f1 7.3 €08 A (ks[ 1]- s[n+ m]) (4)

Setting m= O in (4) and cvaluating the resulting surmmation [9, page 7] yields the power
incr, [n): Bep op [ ,n] = A?/12. 150 lquation 4, ¢p[n]isa cycle-stationary process because
s[n] has afinite period, N. Using the results of Ljung [10], spcctralinformation is obtained
whenlquation 4 is averaged over time. Note that when the lag, m, is not only an integer
multiple of 1,,the period of the dither,butl also aninteger multiple of N, the autocorrclation
function cquals A’/12, independently of n. The smallest non-zero lag that satisfies these
two conditions is the least common multiple of I, and N, denoted by ¢I. where ¢ is an
integer. Thercefore, the period of the tlilm-averaged autocorrclation function, ]'1’,6,, [m] =

Avg, (Re,e, [71,71 + m]), is at lcast L and at most ¢L.. 1.ct the period equal cl., where ¢ is an

integer, 1 < ¢ < ¢. The function I, [m] can be expressed as a sum of ¢l weighted complex

exponentials:
cli—1 .
. . 2nml
R, [m] = }4 I cxp(g —————— ), m=...,--1,0,1,2,...
-0 C]/
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where
]?mnl 1 j27rnl

L R, [nl)exp( =7 )

nzr:

= L R, [m] exp(®

/ l "= 0 ’]I 4 /

The last equality is true since the autocorrelation functioninliquation 3 andits tilnc-average,
IR, [m] arc zero for lags not cqual to integer multiples of 1,. The weights, pi,l = 01, ...cl, - 1,
arc the power magnitudes of the spurn. Since R, [m] < A*/1 2, the spur power can be
bounded: p < AY(12cl,) <A?/(121).¥quality is achicved when the period of the time-
averaged autocorrelation function is exactly I, the period of the dither.

As 1, -»00, the spat.illg between spurs goes to zero inthe spectra of both ¢j[n] and
z1,[n). The power in an individual spur goes to zcro, but the density (power per unit of
frequency) tends to a constant. Thus, idea] white noise behavior is approached. While
zp[n]and ¢),[n] arc correlated ingeneral, the worst case spur power scenario coherently
adds the power spectra from both processes. Yor this reason, 1, should be chosen to satisfy
A2/((iil/) < Puax, where P is the maximuim acceptable spur power. When conslructing a
dither signal as the sum of M > 1 independent, uniforin variates the noise autocorrelation
becomes It ,, [m]= (J4A*/12)6[m mod I.]. The analysis follows closely to that for M = 1,
and 1 should be chosenito satisfy (A4 - 1)A?/(121) < Paxs

As inthe previous section, since the desired signal has {inite word length, it is equivalent
to round or truncate the dither signal to an appropriate word length. An implementation
using a I'N generator is an approximation to such a truncated periodic noise source which

produces a periodic sequence of discretely andcevenly distributed random numbers.

7 Phase Dithering

Inthis section, phase dithering is analyzed using a continuous, zero-Incan, wide-scl)sc sta-

tionary scquence. As describedin Section § on amplitude dithering, an evenly distributed
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discrete random scquence is equivalent to continuous uniforin dithering when the initial
phase word is quantized to a finite number of bits.

Let the digital sinusoid to be generated be:

z[n] = cos(2n(P[n] 4 [n])) (5)

so that the desired phase is ¢[n] as defined in Section 4. The total quantization noise is
c[n] = ep[n] + 2z[n], the sum of the dither signal and the quantizer error. Using small angle

approximations:
a[n] = cos(2nfn A ®) - 2n¢n] sin(2n fn -4 @) 1 O((max(c[n)))?)

T'he total quantization noise will be examined by considering the first two {erins above, and

thenthe scco]ld-order, O([max(c[n])]?), cflect.

7.1  First Order Analysis

Since the quantization error after dithering is independent of the input signal [2] ¢[n] is
uncorrclated with the desired sinusoids. Without loss of gencrality,and for case of notation,
let us shift the uniformly distributed dither random variate range to [0, Ap). The total
phase quantization noise ¢[n] will be ¢[n] = - p[n]Ap with probability (1 - pn)), and cn] =
(1 - p[nr])Ap with probability p[n]. The value p[n] is the distance fromn the initial high-
precision phase value, ¢[n], to the nearest greater quantized value norinalized by the phase
quantizationstep size Ap. The value of the probability sequence p[n] varies periodically,
since p[n] = ¢[n] mod Ap, and ¢[n] is periodic; however, at all sample times n the first
moment of the total phase quantization noise ,15{c[n]}, is zcro.

Inforination about the spurs and noise in the power spectrum of z[n} is obtained from

the autocorrelation function. The autocorrelation of z[n] is:

E{zn)z[n + 722]} = cos(2nfn-1®) cos(2nf(n + m) + @)
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44n2sin(2n fu + O)sin(2n f(n -4 m) 4 ®)E{c[n]c[n 4 m]} 4 O(A}).

Spectralinformation is obtained by averaging over time [1 O], resulting in:
) 1 )
Ry [m] ~ -2[] 4 A7 R [m]] cos(27 fm)

where R, [m] = Avg, (I7{[n]c[n + m]}), the time-averaged autocorrelation of the total
quantization noisc.

The power spectruin of @[n], the Fourier transform of the autocorrelation, is the power
spectrum of the desired sinusoid of frequency [ plus the total quantization noise amplitude
modulated onthe desired sinusoid. Note thatsince R [m]=— O(A%),and Ay << 1, the
modulation index is small.

To a first order, thie AMsignal produced by phase dithering is clear of spurious harmonics
down to the level due to periodicitics in the dither sequence. The next section will examine
spur performance inmore detail, but first it, is important to consider the noise power spectral
density resulting from the phase dithering process.

Recall that for any fixed time n, the probability distribution of ¢[n], a function of p[n],
is determined by the input signal, but the outcome of ¢[n] is determined entirely by the
outcome of the dither signal z[n]. When z[n] and z[n 4 m] arc independent random variables
for non-zero lag m, (] and ¢(n+4m] arc also independent for m# O, and hence ([n] is

spect rally white. Inthis case, the autocorrclation becomes:

. 1
Roo|m] b cos(2n fm) 4 2w28[mVar(c)

where Var(c) is the time-averaged variance of the total quantization noise. Thie resulling
sigllal-t,o-noise ratio (SNR)isapproximately 1 /(4n?Var(c)).
When the dither signal is constructed from one uniform [—Ap /2, Ap/2) randomn variate,

the error ¢[n] is bounded between - Ap to Ap where Ap = 2b and b is the number of bits
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in the phase representation after the word-length is reduced. The number of bits, b, inust
be large enough to satisly the smallangle assummption carlier,e.g., b > 4. “1'llctil]~c-averaged
variance of ¢[n] is less than or cqualto 27%/4, and the SNR is 228 /7%= 6.02b - 9.94dB.
Since the sinusoid generated is a rea signal, the signal power inthe SNR will be equally
divided between positive and negative frequency components. If the sinusoid is the result of
a disc rete-time random process with sampling frequency [, then the resulting noise power

spectral density (N PSD) will be given by:

NPSD = - [SNR/2 4 10 log,(fs/2)] dBc/Nz

<6.93 - 10log,0(f,/2) - 6.02b dBc/l 12 (6)

Table 1 gives noise power spcctral densitics as a function of the number of bits per cycle, b,

at a160 MHzsampling rate, calculated according to theabove formula.

7.2 Second Order Analysis: Residual Spurs

Ior a worst-casc analysis of sccond order effects, expand the initial cosine from Kquation 5

by the suin of angles formula:
x[n] =- cos(2xc[n)) cos(2a fn 4 @) - sin(2n¢[n]) sin(2rfn 4 P) .

Information about the spurs in the power spectrumn of 2] is obtained from the autocorrela-
tion function at nonzero lags. When the dither sequence, z[n], is a scquence of i.i. d. variates,

the autocorrelation function for @[n], with lag m not equal to zero, is:
R, [n,ndm] = F{xn]zntm]} - E{zn]}E{z[n+ m]} .

The expected value of x[n] is a deterministic function of time. ¥From the above expression, it

follows that spectral information about therandom process 2[n], with the exception of noise
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floor information, is contained in I{z[n]}, which we call the “expected waveform”. Sin ce

c[n] is zero mcanat al sample times the expected waveform reduces to:
E{z[n]} = (]'2%210{62[71.]}) cos(2rfn 4 &) 4 ()(A?,) .

The form of the expected waveform clearly shows that the spurious content of thesignal will
be derived froimn the dependence of second and ligl]er-order moments of the quantization
noise. It is this fundamental principle that will ultimately lead to the —12 dBc per phase
Lit behavior for uniformly phase-dithered sinusoid generation.

It remains to consider the second moment of the total phase quantization noise, 5{c*[n]},
which we evaluate by using the probability sequence, p[n], from the previous section as
I{[n]} = A%L(p[n] - p?*[n]). As shownin the appendix,inthe worst case this sequence
produces a spur whose frequency is the reflection onthe desired signal across 174 the sampling

rate, andthis worst case is achicved for a large class of frequencies. The expected waveform

is:

I{z[n)} = ((1 - #x2AL/4) 4 (n*AL/4) (:()s(wn)) cos(2rfn + @) + O(A})

= (1 - 72A%L/4) cos(2nfn -1 @)+ (72AL[4) cos((2nf 4 m)n -t @) -t O(A}),

clearly showing the desired signal and spur components. Thus, dropping the O(A3,) term, a
-18 dB per bit power behavior, the worst-case spur levelrelative to the desired signal after
truncating to b bits is (L$ p.$'it):

AL 16 nIAY,
SpSIt =~ - ! ~- b = 7.84 - 12.04b dBc.
! (1 72A%/4)2 T 16

In summmary, if b bits of phasc arc output to a look-up table, and I3 bits of phasc (13 > b)
arc used prior to truncation, then the addition of an appropriate dithering signal using

(13 - b) bits will alow the word length reduction without introducing spurs governed by the

usual — 6b dBc behavior. 1f asingle random variate is added as a dither sigma] (first-order



dithering), the spur suppression is accelerated to 12 dB per bit of phase representation. Since
the table size is only effected lincarly by the number of bitsin a table entry, rather than
exponentially as it is by the mumber of phase bits, the amplitude word length is of secondary
importance to the phase word length, especially in all-digital systems. For example, -90 dBc
spur performance would nominally require b = 16 bits of phase and a 65,536 entry table.
With first-order dithering, this level of performance requires only > 8.1 bits of phasc per
cycleinthelook-up table addressing. Worst {-casc spur performance of -100.5 dBc is achieved
with 9 bits, a 512 entry table at most,and,at a 160 MHzsampling rate, ‘J able 1 shows
that with these realistic systemn parancters, the noise power spectral density is at alow -1 26

dBe¢/1z.

8  AcceleratedSpur Suppression

Irurther analysis [1 1] based on an extension of results by Gray [12] indicates that the phase
spur suppression rate can be increased in steps of 6 dBc per bit by adding mult iple uniforn
random deviates to the phase value prior to truncation. The addition of M uniformrandom
deviates produces a dither signal with A4tll-order zcroesinits characteristic function) thus
making the Mth moment of the quantization error independent of the input sequence [12].
An example of this technique providing 18 dBe per phase bit spur performance is shown
in Fig. 6. This technique involves adding two (#3 - b)-bit uniform deviates to produce a
(73 - b -i 1) bit dither sign al, which achieves the aceelerated spur reduction due to second-
order zeroes in the dither characteristic function. Simulation results for when two uniform
variates are added to the phasc are presented in th e next section. A straightforward extension
of thistechnique to polynomial series allows spur-reduced synthesisof periodic, digitalsignals

with arbitrary waveforms.
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9 Simulation Results

Siinulations were performed to validate! the results of this analysis. These results were
obtained using 8192-point unwindowed FI*'T's, and the synthesized frequenci es were chosen
to represent worst-case amplitude and phase spur performance. Incachof the figures, ten
power spectra were averaged to better show' the spurious content of the signals. 1Mig. 7 shows
the power spectruimn of asine wave of one-cighth the sampling frequency truncated to 8 bits
of amplitude without dithering. IY1g . 8 shows the same spectrum with a sixteen-bit sinusoid
amplitude dithered with onc uniform variate prior to truncation to 8 bits. Note that the
spurs have been climinated to the levels consistent with those iimposed by the initial sixteen
bit quantization.

IMig. 9 shows the spectrum of a 5-bit phase-truncated sinusoid with high-precision am-
plitude values. A worst-case example of first-order phascdithering is shownin Fig. 10.
Thie measured noise power spectral density in Fig. 10 is -62.3 dBcper 14171 bin, giving a
noisc density of - 23.2 - 10 log (f, /2) dBc, in agrcement with the upper bound derived in
Fquation 6. The spur level is -52.3 dBc inthe first-order dithered I'ig. 10.

Iig. 11 snows the same example using sccond-order (M = 2) dithering using the suin of
two uniform deviates. While the spectrum in Fig. 10 shows the residual spurs at -12 dBce
per bitducto Sccol]ld-order effects, Iig. 11 snows no visible spurs, indicating better than
-63 dBc spurious performance. Additional simulations involving Mcgapoint II'I's and not
represented by figures confirin the -18 dBc per bit performance of the second-order phase-
dithered systen.

Finally, IYig. 12 shows a wwrst-case result for first-order phase dithering together with
first-order amplitude dithering. The amplitude samples are truncated to 8 bits, as are the
phase samples. Note that the spurs arc not visible inthe spectrum; however, close analysis

has demonstrated that they arc present at the -88 dBclevel expected due to scco]lcl-order



cllects.

10 A System Design Example

The block diagram of a direct digital frequency synthesizer based onthe techniques presented
here is shownin IYig. 13. The following system would perforim at a sampling rate of 160 M1z,
producing 8-bit digital sinusoids sl)ur-free to-90dBc with better than -120 dBc¢/11z noise
power spectral density. The system paramncters arc as follows:
Phase bits arc inunsigned fractional cycle representation with:

phasc accumulator word-length determined by frequency resolution, and

> 16 bits prior to addition of 1 uniforin phasc dither variate, with > 9 bits after

dither addition and truncation;

Amplitude look- up-table with:

> 2':= 128 entrics (using quadrant syminetries) of > 16 bits cach normalized
so that the sinusoid amplitude cquals 512 16-bit quant ization steps less than the

full-scale value;

Lincar feedback shift register PN generator with > 16 lags producing one 8-bit ampli-

tude dither variate, and

One LFSR PN generator with > 18 lags for generation of the 7-bit phase dither variate.

11 Conclusion

A digital dithering approach to spur reductioninthe generation of digital sinusoids has been

presented. A class of periodic dithering signals has been analyzed because of its similarity
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to LI'SR PN gencrators.

The advantage gained inamplitude dithering provides for spur performance at the orig-
inallonger word lengthinan idea] system whenthe digital dithering signal is white noise
distributed evenly, not uniforinly, over one quantization interval. The reduced word length
alows the usc of less comnplicated inultiplicrs and narrower data pathsinpurely digita appli-
calions. If the waveform is ultimately converted to an analog value, the reduced word length
alows the usc of fast, coarse-rcsol~Itio]l, highly-lincar digital-to-analog converters (I) ACs)to
obtain sinusoids or othier periodic waveforms whose spectral purity is limited by the DAC
lincarity, not its resolution. These results suggest that coarsely quantized, highly-lincar tech-
niques for digital-to-analog conversionsuch as dclta-sigima modulation would be useful in
direct digital frequency synthesis of analog waveforms.

The advantage gained in the proposed method of phase dithering provides for an acceler-
ation beyond the normal 6 dB per bit spur reduction to a 6(M -| 1) dB per bit spur reduction
whenthe dithering signal consists of M uniforin variates. Often the most convenient way
to gencrate a periodic waveform is by table look-up with a phasc index. Since the size of
a look-up table is exponentially related to the number of phase bits, this can provide a
dramatic reduction inthe complexity of NCO’s, frequency synthesizers, and other periodic
wavelorm generators.

The advantages of dithering come at the expense of an increased noise content in the
resulting waveform. However, the noise energy is spread throughout the sampling bandwidth.
Inhigh bandwidth applications, dithering imposcs modest systein degradation. It has been
shown that high performance synthesizers with dramatically reduced complexity can be
designed using the dithering method, without, resulting inhigh noise power spectral density

l evels.
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12 Appendix: Worst-case phase spur analysis

Since the scquence p(n]is bounded between O and 1, the function u[n] = p[n] - p?[n] is
bounded between O and 1 /4, withits maximum value of 1/4 at p[n]= 1 /2. Therclore,
u [n] must have some non-zero 11~ (average) component. Any remaining components can be
periodic in the worst case. Since al non-lincar operations have been performed, conservation
of power (encrgy)arguments canbe used to deterinine the total non-DC error power. The
total power inthe DC component of u([n] is equalto the square of the average value of u[n].
Similarly, the total powerinu(n] is equal to the average valuc of w?[n]. Thus, the power

remaining for time-varying components of u[n] is :

Avg(l(n]) - (Avg(uln)))? = Avg((uln] - Avg(uln)))?).

This value is maximized by maximizing the dispersion of the samples about the mcan. When
the sample values arc bounded, this maximization is achieved by placing half of the samples
at cach bound, so that the mean is equidistant from cach bound. Since O <w{n]< 1/4, the
maximum power present in harmonic components is 1 /64.

“1' 0 find a scquence achicving this bound, the sequence 1{c*[n]} must be examined in
more detail. The previous paragraph indicates that the bound will be achieved when half
the samples of I7{c*[n]} arc O and half arc A%/4. Since 2[n] is non-negative, I7{c?[n]} = 0
imnplies that ¢[n] == O. Note that the difference between ¢[n] and ¢[n+f 1] is the phase increment
modulo the quantization step size. If, foranynandn- 1, ¢[n]=:¢[n-1]: O, the phase
increment can be exactly expressed in the new quantization step. By induction, ¢[r]will be
zero for al n if any two adjacent values 15{c*[n]} and I2{*[n-1- 11} arc both zero. Thec only
possible sequence J9{c*[n]} achieving the worst case is therefore O, 1 /4, O, | /4, O, V/A4..., and
thus, u[n] = 1/8 -- (1/8) cos(n n). This sequence has a single sinusoidal component at the

Nyquist frequency, half the sampling rate.
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7. Power spectrum of 8 sample/cycle sine wave without dithering. (8 bit amplitude

quantization)

8.Power spectrumof 8 salnplc/cycle sine wave with amplitude dithering. (8 bit amplitude

quantization)

9. Power spectrum of 5-bit phasc-truncated sine wav e without phase dithering. (high-

precision amplitude)

10. Power spectrum of 5-bit phase-trunca edsine wave with first-order phase dithering.

(high-precision amplitude)

11. Power spectrum of 5-bit phase-truncated sine wave with second-order phase dithering.

(Iligll-precision amplitudc)

12. \4~orst-case power spectrum of sinusoid with first-order phase dithering and amplitude

dithering (8 bits cach).

13. 1 3lock diagram of spur-reduceddircct digital frequency synthesizer.
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Table I: Noise Power Spectral Densities

for 160 MHz Sampling Rate

b (bits/cycle) Noise Power Spectral 1)ensity

5 -102.20 dBc/Hz
6 -108.22 dBc/Hz
7 -114.24 (ilk/llz
8 -120.26 dBe/11z
9 -126.28 dBc/1z
10 -132.30 dBc¢/Hz
1 -138.32 dBc/llz
12 -144.35 dBc/11z
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Fig. 1: Spur gencration in conventional
digital sinusoid generation
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Fig. 2: Input/output relation of a midtread quantizer
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Fig. 5: Uniform dithered quantizer
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Fig. 6: System for 18 dBc per phase bit spur reduction
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Fig. 7: Power spectrum of 8 sample.kyclc sine wave
- _withe tdithering (8 bit amplitude quantization)
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Fig. 8:Power spectrum of 8 sample/cyclc sine wave with
amplitude dithering (8 bit amplitude quantization)
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ig. 9: Power spectrum of 5-bit phase-truncated sine wave
without phase dithering <high-precision amplitudc
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Fig. 11: Power spectrum of S-bit phase-truncated sine wave
with second-order phase dithering (high-precision amj | tude)
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Fig. 12: Worxt-case power spectrum of sinusoid with first-order
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Fig. 13: Block diagram of spur-reduced direct
digital frcquency synthesizer
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